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ABSTRACT: Isomorphs are curves in the thermodynamic phase diagram along
which structure and dynamics are invariant to a good approximation. There are
two main ways to trace out isomorphs, the configurational-adiabat method and
the direct-isomorph-check method. Recently a new method based on the scaling
properties of forces was introduced and shown to work very well for atomic
systems [T. B. Schrøder, Phys. Rev. Lett. 2022, 129, 245501]. A unique feature of
this method is that it only requires a single equilibrium configuration for tracing
out an isomorph. We here test generalizations of this method to molecular
systems and compare to simulations of three simple molecular models: the
asymmetric dumbbell model of two Lennard-Jones spheres, the symmetric
inverse-power-law dumbbell model, and the Lewis−Wahnström o-terphenyl
model. We introduce and test two force-based and one torque-based methods,
all of which require just a single configuration for tracing out an isomorph.
Overall, the method based on requiring invariant center-of-mass reduced forces works best.

I. INTRODUCTION
Isomorphs are curves of invariant structure and dynamics in the
thermodynamic phase diagram.1,2 Such curves exist in systems
that have strong correlations between the constant-volume
canonical-ensemble equilibrium fluctuations of virial and
potential energy,1,3 a characteristic property of so-called R-
simple (“strongly correlating”) systems.4−7 The Pearson
correlation coefficient R between the equilibrium fluctuations
of virial W and potential energy U is given by (where sharp
brackets denote NVT canonical averages and Δ denotes the
deviation from the equilibrium mean value, e.g., ΔU ≡ U −
⟨U⟩):

R
W U

W U( ) ( )2 2
=

(1)

For an inverse-power-law (IPL) system with pair potential
proportional to r−n (r is the pair distance) the correlation is
perfect (R = 1) because W = (n/3)U for all configurations.
Slightly less than perfect correlation still leads to almost invariant
structure and dynamics along the isomorphs (see below), and
the class of R-simple liquids is usually delimited by the pragmatic
criterion R > 0.9.
Invariance of structure and dynamics along isomorphs occurs

when reduced units are applied that, notably, depend on the
thermodynamic state point in question. In this unit system, the
length unit l0 is defined from the particle-number density ρ ≡ N/
V where N is the particle number and V the system volume, the
temperature T defines the energy unit e0, and the density and

thermal velocity define the time unit t0. Specifically, if m is the
average particle mass, reduced units are defined by1,4,8 by

l e k T t m k T, , /0
1/3

0 B 0
1/3

B= = = (2)

Isomorph theory has been applied successfully to different
classes of systems,9 including simple atomic systems in both the
liquid and solid phases,8,10−16 molecular systems,4,17 and the 10-
bead Lennard-Jones chain.18 Isomorph-theory predictions have
moreover been verified in experiments on glass-forming van der
Waals molecular liquids.19,20

In 2012 Ingebrigtsen et al. studied numerically isomorphs for
liquid molecular systems composed of small rigid molecules.4

This publication found isomorphs for the asymmetric dumbbell
model (Figure 1(a)), the symmetric inverse-power-law (IPL)
dumbbell model (Figure 1(b)), and the Lewis−Wahnström o-
terphenyl (OTP) model (Figure 1(c)). Reference 4 used the so-
called configurational-adiabat method to trace out isomorphs.
To explain this method, consider a scatter plot of virial versus
potential energy of configurations taken from an equilibrium
simulation (Figure 1). The linear-regression slope of such a plot,

Received: March 7, 2023
Revised: March 23, 2023
Published: April 11, 2023

Articlepubs.acs.org/JPCB

© 2023 American Chemical Society
3478

https://doi.org/10.1021/acs.jpcb.3c01574
J. Phys. Chem. B 2023, 127, 3478−3487

D
ow

nl
oa

de
d 

vi
a 

R
O

Y
A

L
 L

B
R

Y
 R

O
SK

IL
D

E
 U

N
IV

 L
B

R
Y

 o
n 

A
pr

il 
20

, 2
02

3 
at

 0
8:

40
:4

5 
(U

T
C

).
Se

e 
ht

tp
s:

//p
ub

s.
ac

s.
or

g/
sh

ar
in

gg
ui

de
lin

es
 f

or
 o

pt
io

ns
 o

n 
ho

w
 to

 le
gi

tim
at

el
y 

sh
ar

e 
pu

bl
is

he
d 

ar
tic

le
s.

https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Zahraa+Sheydaafar"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Jeppe+C.+Dyre"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/doSearch?field1=Contrib&text1="Thomas+B.+Schr%C3%B8der"&field2=AllField&text2=&publication=&accessType=allContent&Earliest=&ref=pdf
https://pubs.acs.org/action/showCitFormats?doi=10.1021/acs.jpcb.3c01574&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.3c01574?ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.3c01574?goto=articleMetrics&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.3c01574?goto=recommendations&?ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.3c01574?fig=tgr1&ref=pdf
https://pubs.acs.org/toc/jpcbfk/127/15?ref=pdf
https://pubs.acs.org/toc/jpcbfk/127/15?ref=pdf
https://pubs.acs.org/toc/jpcbfk/127/15?ref=pdf
https://pubs.acs.org/toc/jpcbfk/127/15?ref=pdf
pubs.acs.org/JPCB?ref=pdf
https://pubs.acs.org?ref=pdf
https://pubs.acs.org?ref=pdf
https://doi.org/10.1021/acs.jpcb.3c01574?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as
https://pubs.acs.org/JPCB?ref=pdf
https://pubs.acs.org/JPCB?ref=pdf


which is termed the density-scaling exponent γ, is given8,21−23 by
the following general statistical-mechanics identity:

T U W
U

ln
ln ( )S

2
ex

=
i
k
jjjj

y
{
zzzz

(3)

We remind the reader that the excess entropy Sex is the entropy
minus the ideal-gas entropy at the same density and temper-
ature. For all systems, whether they are R-simple or not, eq 3
allows one to trace out configurational adiabats, i.e., curves in the
phase diagram of constant Sex. This is done by calculating the
two canonical averages in eq 3 at an initial “reference” state
point, changing density slightly, e.g., by 1%, and from eq 3
calculating the change in temperature that will keep Sex constant.
At the new state point the canonical averages are recalculated,
and so on. For R-simple liquids, isomorph invariance of Sex
follows from the isomorph invariance of structure;2,4,11,24 thus
for an R-simple system the configurational-adiabat method in
principle traces out isomorphs correctly.
A much faster method for generating isomorphs is termed the

“direct isomorph check” and works as follows.1 It can be shown
that two configurations of an R-simple system, which can be
scaled uniformly into one another, belong to state points on the
same isomorph and have proportional Boltzmann factors, i.e.,1

Ce eU k T U k TR R( )/
12

( )/1 B 1 2 B 2= (4)

Here, if R ≡ (r1, ..., rN) is the configuration of all N particles, R1
and R2 are two configurations of (particle) density ρ1 and ρ2,
respectively, obeying R R( / )2 1 2

1/3
1= , and C12 is a constant

that depends only on the two state points in question, not on the
configurations. By taking the logarithm of eq 4, we get

U
T
T

U k T CR R( ) ( ) ln2
2

1
1 B 2 12= +

(5)

Thus, selecting configurations R1 from an equilibrium NVT
simulations at the state point (ρ1, T1) and plotting U(R2) versus
U(R1) in a scatter plot results in a strong correlation if the system
is R-simple, and T2 can be calculated from the slope of this
scatter plot.
Recently a new method for tracing out isomorphs was

introduced and demonstrated to work very well for two atomic
systems, the viscous Kob−Andersen binary Lennard-Jones
liquid and the single-component Lennard-Jones liquid.25 As
detailed below, the new method is based on the scaling of forces
upon uniform scaling of configurations. A unique feature is that
this method can be applied by considering just one
configuration. In the present paper we discuss three general-
izations of this method to molecular systems and test them on
the molecular systems introduced above.

II. SIMULATION DETAILS
We studied three molecular systems with rigid bonds, the
asymmetric dumbbell (ASD) model4,26−32 (for N = 5000
atoms), the symmetric r−18 IPL dumbbell model (N = 5000),
and the Lewis−Wahnström OTPmodel33 (N = 3000). All three
models are known to have good isomorphs.4

An ASD molecule consists of a rigidly bonded large (A) and
small (B) Lennard-Jones (LJ) particle.11,26 The length of the
bond is 0.584 in the LJ units defined by the large particle (σAA =
1, ϵAA = 1, andmA = 1). The parameters of the ASDmodel (σAB =
0.894, σBB = 0.788, ϵAB = 0.342, ϵBB = 0.117, mB = 0.195) were
chosen to mimic toluene.11 The intermolecular interactions are
given by the LJ pair potential,

v r
r r

( ) 4ij ij
ij ij
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Here rij is the distance between particles i and j, and α, β ∈ {A, B}
are the types of particles i and j, respectively. The symmetric IPL

Figure 1. Scatter plots of equilibrium fluctuations of virial W and potential energy U for (a) the asymmetric dumbbell model, (b) the symmetric IPL
dumbbell model, and (c) the Lewis−Wahnström OTP model. All three models have bonds defined by rigid constraints; model details are given in
section II. The state points simulated here are used in the following as reference state points for tracing out isomorphs of the three models.
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dumbbell model consists of two identical particles connected by
a rigid bond, also of length 0.584 in LJ units. The intermolecular
interactions are here given by the inverse power-law (IPL) pair
potential,

v r
r

( )
18

= i
k
jjj y

{
zzz (7)

The two parameters and the particle masses were set to unity.
Finally, the Lewis−Wahnström OTP model consists of three

identical LJ particles, which are connected by rigid bonds in an
isosceles triangle with unit side length and top angle 75°. Again,
the LJ parameters were set to unity.
The Molecular Dynamics simulations were performed in the

NVT ensemble with a Nose−Hoover thermostat using RUMD
(http://rumd.org), which is a fast open-source package for GPU
computing.34 Details of how to calculate the virial of a
constrained system35 are given in Appendix A of ref 4.

III. THREE SINGLE-CONFIGURATION METHODS FOR
TRACING OUT ISOMORPHS

While straightforward, generating isomorphs by means of eq 3
requires many equilibrium configurations. As shown recently for
atomic systems, good statistics can be obtained, however, from
the scaling properties of the forces of a single configuration.25

The idea is tomake use of the fact that forces in reduced units are
isomorph invariant. To show this, we refer to the basic equation
of isomorph theory,36

U U SR R( ) ( , ( ))ex= (8)

HereU(ρ, Sex) is the thermodynamic average potential energy at
the state point with density ρ and excess entropy Sex,

lR R R/ 0
1/3= is the reduced configuration vector, and

S R( )ex is the microscopic excess-entropy function defined in ref
36. The fact that this function only depends on a configuration’s
reduced coordinates is a consequence of the hidden scale
invariance condition, U(Ra) < U(Rb) ⇒ U(λRa) < U(λRb), in
which λ is a uniform scaling parameter;36 this condition is
equivalent to the system in question having strong virial
potential-energy correlations, i.e., being R-simple.8,36

It follows from eq 8 that the 3N-dimensional vector of forces
on the particles, F ≡ (F1, ..., FN), is given by

U
U
S

SF R R R( ) ( ) ( )
ex

1/3
ex= =

i
k
jjjjj

y
{
zzzzz

(9)

Since U S T( / )ex = , this implies that the reduced force vector

l e k TF F F/ /0 0
1/3

B= is given by (in which S S k/ex ex B)

SF R( )ex= (10)

The fact that F̃ depends only on the reduced coordinates means
that the reduced-unit version of Newton’s second law,

t mR F Rd /d ( )2 2 = ,1 has no reference to the state-point density.
This implies invariant reduced-unit dynamics along isomorphs
defined as configurational adiabats, i.e., by Sex = Const.

36

Given a reference state point (ρ1, T1) and a different density,
ρ2, we now derive the equation for calculating the temperature
T2 with the property that the state point (ρ2, T2) is on the same

Figure 2. Scaling plots of the three single-configuration methods for tracing out isomorphs illustrated by data for the ASD model. (a) [“Atomic-force
method”] shows a plot of all particle forces in one axis direction for a single configurationR1 of the reference state point (ρ1,T1) = (0.932, 0.465) versus
those of its uniformly scaled version to density ρ2 = 1.009, i.e.,R R( / )2 1 2

1/3
1= . From eq 12 one finds T2 = 0.725. (b) [“Molecular-force method”]

shows a similar plot based on the center-of-mass forces between the molecules; the slightly different T2 = 0.730 is arrived at using this method. (c)
[“TorqueMethod”] shows data for the torque of themolecules. Despite the strong correlation, the temperatureT2 identified by this method via eq 13 is
quite different from those of the two force-based methods (T2 = 0.763).
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isomorph as (ρ1, T1). If R1 is a configuration taken from an
equilibrium simulation of the reference state point and R2 is the
same configuration scaled uniformly to density ρ2, i.e.,
R R( / )2 1 2

1/3
1= , it follows from eq 10 that because

R R1 2= the reduced forces of the two configurations are
identical,

F R F R( ) ( )1 2= (11)

In particular, this implies that the lengths of the 3N-dimensional
reduced force vectors are identical, F R F R( ) ( )1 2| | = | |. Since

k TF F/1/3
B , this means that T2 can be determined from

T T
F R
F R

( )
( )2
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In the case of perfect scaling, i.e., if eq 8 is fulfilled exactly, eq
12 ensures that eq 11 is obeyed and thus that structure and
dynamics are invariant in reduced units.25 However, the scaling
is rarely perfect; in particular, it is never perfect for systems with
both repulsive and attractive forces. The choice made in ref 25
was to use eq 12 to get a value for T2 and then use eq 11 to
estimate whether the scaling works well. When eq 11 is not
fulfilled exactly, the prediction of invariant reduced structure and
dynamics becomes an approximation, and simulations must be
performed to test its validity. This was done in ref 25 for two
atomic systems where the method was demonstrated to work
very well. In particular, for the viscous Kob−Andersen binary
Lennard-Jones mixture, the new force-based method outper-
forms the direct-isomorph-checkmethod despite being based on
information from just a single configuration.
How should one adopt the force method, which was devised

for systems of point particles, to molecules with rigid bonds?
One option is to do as described above, interpreting R as the
vector of the positions of all atoms with F as the vector of all
corresponding forces. Performing the uniform scaling
R R( / )2 1 2

1/3
1= on the atomic level would violate the

molecular bond-length constraint, however. Moreover, this
approach would take into account intramolecular forces, the role
of which is merely to ensure the rigid-bond constraint. In view of
these issues, it makes more sense to focus on the forces on the
molecules’ center-of-masses. In that case we let R be the vector
of all center-of-mass positions; the corresponding F vector is
then the vector of the resulting forces on each molecule from the
surrounding molecules, and the scaling is applied to the center-

of-masses, keeping bond lengths and orientations fixed. We refer
to the center-of-mass forces as “molecular forces” and to this
version of the force method as the “molecular-force method”. In
the tests presented below we include for comparison, however,
the somewhat unphysical “atomic-force method” (using also
center-of-mass scaling).
We consider also a third method based on torques. Assuming

again perfect scaling, the reduced-unit torque on each molecule
is the same along an isomorph before and after uniform scaling,
i.e., 1 2= where τ is the vector of all torques. Since the
reduced-unit torque is defined by e k T/ /0 B= , this
invariance implies that T2 is given by

T T2

1
2 1= | |

| | (13)

The three methods are illustrated in Figure 2 for a 7% density
change applied to the ADP system, where (a) shows the x-
coordinates of the forces on all particles plotted against the same
quantities of the center-of-mass uniformly scaled configurations.
Figure 2(b) shows the same for the center-of-mass molecular
forces that have no intramolecular contributions. We find a
strong correlation between scaled and unscaled forces in both
cases, but a slightly different prediction for T2, which is 0.725
using the atomic-force method and 0.730 using the molecular-
force method. Figure 2(c) shows the corresponding correlation
of torque components before and after scaling, showing again a
high correlation but leading in this case to the significantly
higher temperature T2 = 0.763.
Figure 3(a) shows the distribution of T2 predictions when eq

12 and eq 13 are applied to the forces and torques of the
individual molecules instead of to the high-dimensional
configuration vector. The widths of the three distributions are
similar. Figure 3(b) shows the distribution ofT2 values predicted
by applying eq 12 to 152 independent configurations. Although
scaling only a single configuration is a major advantage of the
force- and torque-based methods, for comparing the methods
reliably we report below average T2 values predicted from 152
independent configurations.

IV. COMPARING THE THREE
SINGLE-CONFIGURATION METHODS

We proceed to test the above methods on the three molecular
models (section II) for invariance of the reduced-unit center-of-
mass mean-square displacement (MSD), intermediate incoher-

Figure 3. (a) Distribution of temperatures predicted by applying eq 12 and eq 13 to the individual molecules of a single configuration. For perfect
scaling, all T2 values should agree; i.e., the distributions should be identical delta functions. (b) The distribution of single-configuration T2 values
predicted from 152 independent configurations using the atomic-force (blue) and molecular-force (red) methods.
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ent scattering function Fs(q, t), and orientational time-

autocorrelation function ⟨R(0)R(t)⟩.

Figure 4 shows results from the application of the three
methods to the ASD model using (ρ1, T1) = (0.932, 0.465) as
reference state point. From this we determined two state points

Figure 4. Using the ASD model to test for invariance of the reduced translational and rotational dynamics by the three single-configuration methods.
Each method investigates the reduced center-of-mass mean-square displacement (upper panels), center-of-mass incoherent intermediate scattering
function (q̃ = 7.37, middle panels), and orientational time-autocorrelation function of the normalized bond vector (lower panels). (a), (b), (c) show
results for state points generated by the atomic-force method requiring invariant reduced forces between all particles, thus including the intramolecular
forces (eq 12). (d), (e), (f) show results for state points generated by the molecular-force method requiring invariance of the reduced center-of-mass
forces between the molecules (eq 12). (g), (h), (i) show results for state points generated by the torque method requiring invariant reduced torques
(eq 13). Overall, the best invariance is obtained by the molecular-force method although the torque method works best for the short-time rotational
dynamics.

Figure 5.Comparing the relaxation time as a function of density for the ASDmodel along an isotherm (purple) and approximate isomorphs generated
by the following fivemethods: configurational adiabat (black), direct isomorph check (red), atomic-force (green) andmolecular-force (blue)methods,
and torque method (orange). (a) shows the reduced translational relaxation time calculated from the intermediate scattering function. (b) shows a
similar plot for the reduced rotational relaxation time calculated from the orientational time-autocorrelation function.

Table 1. ASD-Model Density Variation of the Reduced Diffusion Coefficient (First Row), Relaxation Time of the Center-of-Mass
Dynamics (Second Row), and Relaxation Time of the Rotational Dynamics (Third Row)a

Isotherm eq 3 DIC FAtom FMol Torque

∂ log D̃/∂ log ρ −70(2) −0.5(4) 1.1(4) −1.4(2) −0.9(4) 7.47(6)
∂ log τ̃cm/∂ log ρ 77(3) −0.4(1) −1.0(1) 1.60(7) 0.5(1) −7.8(1)
∂ log τ̃rot/∂ log ρ 65(3) 1.9(1) 1.26(2) 3.47(3) 2.62(7) −2.6(2)

aLogarithmic derivatives are estimated from fitting the density range from 0.886 to 0.969. The associated uncertainty on the last digit is given in
parentheses. Not surprisingly, the logarithmic derivatives on the isotherm are large. The remaining columns represent, respectively, the
configurational-adiabat (Sex = Const. traced out by eq 3), direct-isomorph-check (DIC), atomic- and molecular-force, and torque methods. The
best invariance is obtained by the configurational-adiabat method, while the best of the single-configuration methods is the molecular-force method.

The Journal of Physical Chemistry B pubs.acs.org/JPCB Article

https://doi.org/10.1021/acs.jpcb.3c01574
J. Phys. Chem. B 2023, 127, 3478−3487

3482

https://pubs.acs.org/doi/10.1021/acs.jpcb.3c01574?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.3c01574?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.3c01574?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.3c01574?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.3c01574?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.3c01574?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.3c01574?fig=fig5&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jpcb.3c01574?fig=fig5&ref=pdf
pubs.acs.org/JPCB?ref=pdf
https://doi.org/10.1021/acs.jpcb.3c01574?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


with lower density and two with higher density, spanning in all a
density variation of 19%. For the translational dynamics (MSD;
upper row) the best invariance is obtained by the molecular-
force method. The same applies for the incoherent intermediate
scattering function, while the torque method is marginally better
for the orientational time-autocorrelation function.

A more detailed analysis of the dynamics is given in Figure 5
and Table 1. Figure 5 shows the variation of the relaxation times
of (a) the translational and (b) the rotational motion along an
isotherm (purple), a configurational adiabat (Sex = Const.,
black), and curves generated by the direct-isomorph-check
(red), atomic-force (green), molecular-force (blue), and torque

Figure 6.Testing the atomic-force, molecular-force, and torque methods for the IPLmodel. The same dynamic quantities are investigated as in Figure
4. The reference point is (ρ1, T1) = (0.775, 1.054) and q̃ = 7.97. (a), (b), (c) show results for state points generated by the atomic-force method. (d),
(e), (f) show results for state points generated by the molecular-force method. (g), (h), (i) show results for state points generated by the torque
method. Overall, the best results are obtained by the molecular-force method.

Figure 7. Comparing the reduced relaxation time as a function of density for the IPL model along an isortherm and the curves of Figure 6. As
demonstrated previously, the approximate isomorph methods are all much better at obtaining invariant relaxation times than considering the same
density variation along the isotherm. (a) shows the reduced translational relaxation time calculated from the intermediate scattering function. (b)
shows a similar plot for the reduced rotational relaxation time.

Table 2. Checking the Reduced-Units Variation of the Same Dynamic Quantities as in Table 1 for the Symmetric Dumbbell IPL
Modela

Isotherm eq 3 DIC FAtom FMol Torque

∂ log D̃/∂ log ρ −113.4(6) 1.9(1) −0.78(7) −0.2(2) −0.462(5) 3.9(3)
∂ log τc̃m/∂ log ρ 126.7(7) −0.4(3) −0.04(2) −0.21(7) −0.42(1) −0.95(4)
∂ log τr̃ot/∂ log ρ 107.9(6) 0.16(1) −0.7(2) 0.2(2) 0.10(9) 0.5(3)

aLogarithmic derivatives are estimated from fitting the density range from 0.744 to 0.806. The associated uncertainty on the last digit is given in
parentheses. The best invariance is obtained by the molecular-force method.
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methods (orange). The relaxation times reported here are
defined from when the associated relaxation function has
decayed to 0.2. All methods for tracing out isomorphs result in
reduced relaxation times that, not surprisingly, are much more
invariant than along the isotherm. For a quantitative
comparison, Table 1 shows the density variation of the reduced
diffusion coefficient and the translational and rotational reduced
relaxation times along the isotherm and the five approximate
isomorphs. The diffusion coefficient is calculated from the
diffusive part of the MSD (compare Figure 4). While the best
invariance is obtained by the computationally demanding
configurational-adiabat method, among the three single-
configuration methods, the best overall results are obtained by
the molecular-force method.

An important question is whether the molecular geometry
determines which method works best for which model. To
investigate this, we simulated the IPL symmetric dumbbell
model (Figure 6, Figure 7, and Table 2). As for the ASD model,
starting from the reference state point, we applied each of the
three single-configuration methods to generate two state points
with lower density and two with higher density, spanning in all a
density variation of 19%. We find that the molecular-force
method gives the best invariance curves for the rotational
dynamics, while the atomic-force method is best for the
translational dynamics. Figure 7 panels (a) and (b) show the
density variation of the translational and rotational dynamics by
plotting their reduced relaxation times as in Figure 5.
We proceed to investigate the three single-configuration

methods for theOTPmodel. Figure 8 and Figure 9 shows results

Figure 8.Testing for invariance of the same reduced dynamic quantities as in Figure 4 and Figure 6 for theOTPmodel. The reference state point is (ρ1,
T1) = (0.303, 0.383) and q̃ = 10.2. (a), (b), (c) show results for state points generated by the atomic-force method. (d), (e), (f) show results for state
points generated by the molecular-force method. (g), (h), (i) show results for state points generated by the torque method. The best results are
obtained by the molecular-force and torque methods.

Figure 9. Comparing the reduced relaxation time as a function of density for the OTP model along an isotherm and the five methods for tracing out
isomorphs. (a) shows the translational relaxation time calculated from the intermediate scattering function. (b) shows a similar plot for the rotational
relaxation time.
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using (ρ1, T1) = (0.303, 0.383) as reference point, increasing
from it the density by 16%. In this case, the molecular-force and
torquemethods give equally good invariance of the reduced-unit
dynamics.
So far the results presented are quite similar for the three

models tested; all three single-configuration methods work well,
with the molecular-force method as the one that works best
overall. However, our tests of the OTPmodel contain a surprise:
how well the two force-based methods work depends on
whether one increases or decreases the density. In the OTP tests
reported above in Figure 8 and Figure 9, density was increased
from the reference density, ρ1 = 0.303, leading to invariant
dynamics to a good approximation. In Figure 10(a) we take the
fourth of the state points of Figure 8 (e), (ρ1, T1) = (0.340,
0.903), as reference and move from there to lower densities. In
this case, the intermediate scattering function is no longer
invariant. Interestingly, this is only an issue with theOTPmodel.
For the IPLmodel the dynamics is still invariant in reduced units
when scaling to lower densities using the molecular-force
methods: Figure 10(b) shows the IPL model reduced
incoherent intermediate scattering function of isomorphic
points generated by starting from the reference state point (ρ1,
T1) = (0.806, 1.395) and from there decreasing the density.
Figure 11 shows the translational and rotational reduced

relaxation times obtained by decreasing density for the OTP
model from the reference state point (ρ1, T1) = (0.340, 0.903).

For the following discussion we focus on the two densities 0.303
and 0.340. Choosing (ρ1, T1) = (0.303, 0.383) as reference state
point, the molecular-force method gives (ρ2, T2) = (0.340,
0.903) (Figure 8(e)). Choosing instead this as reference state
point, (ρ1, T1) = (0.340, 0.903) and decreasing density to the
original value resulting in (ρ2, T2) = (0.303, 0.446) (Figure
11(a)), i.e., a significantly different temperature than that of the
original state point. How is this asymmetry possible? After all, eq
12 looks symmetric, so should one not expect to get back to the
original reference state point? The important point here is that
eq 12 is in fact not symmetric: R1 is an equilibrium configuration
at (ρ1, T1), whereas R2 is not necessarily an equilibrium
configuration at (ρ2, T2). Instead R2 is an approximation to an
equilibrium configuration at the new state point, calculated by
R R( / )2 1 2

1/3
1= . If the scaling were perfect, i.e., if eq 4 was

exact, R2 would indeed be an equilibrium configuration. As
discussed above, however, the scaling is seldom perfect and it is
not perfect for the molecular systems studied here. This point is
illustrated by Figure 12 which shows the reduced-unit radial
distribution functions at (ρ, T) = (0.303, 0.383) and (ρ, T) =
(0.340, 0.903). While the reduced-unit structure is roughly
invariant, this is clearly not exact. We believe this minor
deviation explains the asymmetry between increasing and
decreasing the density from the reference state point.
The arguments given above show that it is possible for the

force method to give different results depending on whether

Figure 10. Comparing the dynamics of the OTP and IPL models when an isomorph is traced out by decreasing density from a reference state point
using the molecular-force method. (a) gives results for the OTP model when the reference state point is (ρ1, T1) = (0.340, 0.903), for the incoherent
intermediate scattering function. In this case the dynamics is not invariant. (b) tests the same for the IPLmodel using as reference state point (ρ1,T1) =
(0.806, 1.395) in which case there is still a good data collapse.

Figure 11. Variation of the reduced relaxation times of the OTPmodel when approximate isomorphs are generated using the molecular-force method
by decreasing density from the reference state point. Again the reduced relaxation time is much more invariant along the different approximate
isomorphs than along the isotherm. (a) shows the translational relaxation time as a function of density. (b) shows the same for the rotational dynamics.
In both cases the dynamics is more invariant along the configurational-adiabat and direct-isomorph-check generated isomorphs than along the
isomorphs of the three single-configuration methods.
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density is increased or decreased. At present we do not have a
good explanation for why the molecular-force method works
well when increasing the density and much worse when
decreasing the density�or why this effect is only seen for the
OTP model. These issues deserve to be investigated in detail in
future works.

V. DISCUSSION AND CONCLUSIONS
Isomorphs exist in systems with strong virial potential-energy
correlations, which include some systems of molecules with rigid
bonds. For the ASD and IPL dumbbell and the Lewis−
Wahnström OTP models, we have seen that these curves to a
good approximation can be traced out by methods based on a
single configuration. Though not in focus here, the structure is
also invariant to a good approximation along the approximate
isomorphs identified by these methods.
We tested three methods to generate an approximate

isomorph starting from a given reference state point. These
methods all involve, in principle, just a single configuration and
its uniformly scaled version, although we here averaged over 152
configuration pairs to compare the different methods. The
atomic forces are affected by the intramolecular interactions,
which explains why the atomic-force method is not well suited
for identifying state points of approximately invariant reduced
dynamics. The molecular-force method based on invariant
reduced center-of-mass forces generally works best, although the
torque method gives equally good results for the OTP model.
Moreover, for the ASD and IPL models the torque method
provides the best results for the short-time rotational dynamics.
Overall, however, the best single-configuration method is the
molecular-force method.
Identifying isomorphs via the three new methods is simpler

and computationally much cheaper than using the configura-
tional-adiabatic or direct-isomorph-check methods.1 The force
methods for generating isomorphs have here only been tested on
molecular systems composed of molecules with rigid bonds. The
question whether the molecular-force method also works well
for other molecular system, e.g., with harmonic bonds, is
important to investigate in future works. Another point it would
be interesting to investigate is whether the single-configuration
methods discussed in this paper may be improved by allowing
for molecular reorientations after the uniform scaling of the
center-of-masses.
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